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Three-Dimensional Solution of Flows over Wings
with Leading-Edge Vortex Separation

J ames A. Weber,* Guenter W. ‘Brune, * Forrester T. Johnson,{
Paul Lu,f and Paul E. Rubbert§
The Boeing Company, Seaitle, Wash.

The application of a new, general, potential flow computational technique to the solution of the subsonic,
three-dimensional flow over wings with leading-edge vortex separation is presented. The present method is
capable of predicting forces, moments, and detailed surface pressures on thin, sharp-edged wings of rather ar-
bitrary planform. The wing geometry is arbitrary in the sense that leading and trailing edges may be curved or
kinked and the wing may have arbitrary camber and twist. The method employs an inviscid flow model in which
the wing, the rolled-up vortex sheets, and the wake are represented by piecewise continuous quadratic doublet
sheet distributions. The Kutta condition is imposed along all wing edges. Strengths of the doubtlet distributions
as well as shape and position of the free vortex sheet spirals are computed in iterative fashion, starting with an
assumed initial sheet geometry. The method is verified by numerous computed results.

I. Introduction

HE flow at the leading and tip edges of a swept wing

with sharp edges separates at moderate to high angles of
attack, the separation producing vortex sheets that roll up in-
to strong vortices above the upper surface of the wing. The
formation of these vortices is responsible for the well-known
nonlinear aerodynamic characteristics exhibited over the
angle-of-attack range (Fig. 1).

The leading-edge suction analogy!® provides a method
suitable for calculating the magnitude of the nonlinear vortex
lift on a rather broad class of wing planforms. Polhamus!
reasoned that the normal force needed for the flow around a
leading edge to reattach to the wing is equivalent to the
leading-edge suction force necessary to force the flow to be at-
tached to the leading edge in an unseparated condition. The
unseparated leading-edge suction force is calculated and then
is rotated normal to the wing to obtain the lift contribution of
the leading-edge vortex. The total wing lift computed by this
method agrees well with experimental data, but the leading-
edge suction analogy does not give flowfield details or
detailed surface pressure distributions.

Several attempts have been made in the past toward the
theoretical prediction of detailed pressure distributions and
flowfields above swept wings with leading-edge vortex
separation. Most of these past methods are limited to slender
configurations, a considerable simplification, because the
problem can be reduced to a solution of Laplace’s equation in
the crossflow plane, for which conformal mapping becomes a
powerful tool. Smith* developed the best-known method of
this type by improving the work done earlier in collaboration
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with Mangler.’ Assuming conical flow, which is ap-
proximately valid near the apex of the wing, he was able to
predict qualitatively the type of pressure distributions that
had been observed experimentally. Those pressure
distributions (Fig. 2) exhibit a vortex-induced pressure peak at
about 70% of the local semispan of the wing. Toward the
trailing edge, Smith’s method overpredicts the experimental
load distribution by a considerable amount, because his
conical theory does not satisfy the Kutta condition at the
trailing edge. Figure 2 shows such a comparison of Smith’s
theory with experiments and also, for illustrative purposes,
spanwise pressure distributions from linear lifting-surface
theory® and from Jones’ slender-wing theory’ at two
chordwise stations of a delta wing. This figure (supplied by
Blair B. Gloss of NASA-Langley) shows clearly that none of
these theories can predict even approximately aerodynamic
load distributions of wings with leading-edge vortex
separation and demonstrates the need for an accurate predic-
tion method for this type of flow phenomenon.

II. Description of Method
Theoretical Model
Experimental studies® of the vortex sheet separating from a
slender sharp-edged wing revealed that the rolled-up part of
the vortex sheet consists of three regions: an outer, con-
vection-dominated region in which the distance between turns
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Fig. 1 Leading-edge vortex flow.
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is large compared to the diffusion distance; an inner region
where the distance between turns is of the same order of
magnitude as the diffusion distance; and an inner diffusion-
dominated viscous core which is very small, representing only
about 5% of the vortex diameter. In addition, studies®? of the
principal vortex indicate that .its shape and strength are
relatively independent of Reynolds number. The relative lack
of viscosity dependence suggests that the flow may be regar-
ded as potential, with the free shear layer represented either as
a vortex sheet or, equivalently, a doublet dlstrlbutlon, sup-
porting a discontinuity in tangential velocity.

A simple method for treating the vortex core was presented
by Smith.* His model consists of a single vortex with a fed
sheet attached to a shear layer springing from the leading edge
(Fig. 3). The sheet size and orientation are adjusted so that the
total force on the vortex and on the fed sheet is zero. A
thorough investigation of mathematical discrete-line vortices
revealed that Smith’s fed sheet model, when applied to the
three-dimensional nonconical flow problem, would contain
two. self-induced infinite forces,’® with no possibility of
mutual cancellation. The source of the problem with
mathematical line vortices is that physical properties of real
vortices, featuring a viscous core that prohibits infinite
velocities, are ignored. :

Hence, a simpler approach for modehng the inner core
region was adopted for the present method. The fed sheet is
treated as an entirely kinematic extension of the free sheet
(Smith’s ‘‘shear layer’’), and no boundary condition is ap-
plied to the fed sheet. The assumption in this simplified model
is that thé boundary conditions applied to the free sheet are
sufficient to adequately position the fed sheet, the typical
dimension of which is small compared with dimensions
associated with the free sheet and with distance from the
wing.

The essential elements of the present inviscid and in-
compressible flow model are the wing, the trailing sheet
(wake), the sheet emerging from the wing leading edge and tip
(free sheet), and the rolled-up core or spiral region (fed sheet)
fed by the leading edge and tip vortex sheets (Fig. 4). The
following boundary conditions are imposed on these elemen-
ts:
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1) The flow must be everywhere parallel to the wing sur-
face, that is, A- V°* =0, where the symbols V* and # are the
average velocity (i.e., the average of the velocities on op-
posing sides of the sheet) and normal vector on the sheet sur-
face, respectively.

2) The free sheet and wake cannot support a pressure dif-
ferential and must be aligned with the local flow, that is, AC,
=0 and 7-V*=0. (For computational efficiency, a frozen
wake is defined which satisfies only the zero pressure jump
condition, its position being determined by the upstream
elements to which it is attached.) ‘

3) The fed sheet is an entirely kinematic extension of the
free sheet, and no boundary conditions are applied to the fed
sheet. The size of the fed sheet is chosen by experience or from
the conical-flow results of Smith.*

- 4) Kutta conditions are imposed along the leading, side, and
trailing edges of the wing in the presence of free sheets
emanating from these edges.

The geometric description is that of a general, three-
dimensional (not conical) configuration consisting of a thin
wing, free sheet, wake, and fed sheet (Fig. 4). The wing
geometry is arbitrary in the sense that leading and trailing
edges may be curved or kinked and the lifting surface may
have arbitrary camber and twist. The configuration is sub-
divided into a network of quadrilateral panels, the corner
points of which are defined by coordinates in trans-
verse cutting planes. The trace of the kinematic fed sheet in a
transverse cutting plane is a single planar panel at a fixed
angle of approximately 90° to the free sheet.

Basic Concepts and Numerical Procedures

Inviscid, irrotational, incompressible fluid flow is charac-
terized by a perturbation velocity potential ¢ satisfying
Laplace’s equation

¢xx+¢yy+¢zz=0 (1)

Compressibility effects over a wide range of subsonic Mach
numbers may be approximated by the Goethert rule, in which
case a preliminary coordinate transformation again produces
Eq. (1). Hence, for the purposes of this paper, only solutions
to Eq. (1) are considered.

Green’s theorem expresses ¢, the solution to Eq. (1), in
terms of its value and normal derivative on the fluid boundary

s: ‘
=], 1 (s
i@ (&)

Here r is the distance from the field point P to a boundary sur-
face point Q, and a /3 is the derivative in the direction of the
surface normal 7 pointing into the fluid. Equation (2) gives ¢
as a superposition of a source sheet ¢(Q) of strength d¢ /on,
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and a doublet sheet 1 (Q) of strength ¢ on the boundary of the
fluid. The source and doublet are fundamental solutions of
Eq. (1), their strengths being determined by an appropriate set
of boundary conditions.

The boundary conditions may be of the Neumann type
(specification of d¢/dn), of the Dirichlet type (specification
of ¢), or of the mixed type. Neumann and Dirichlet bound-
ary-value problems are referred to, respectively, as
““analysis’’ and ‘“design.”’ In the present formulation, all sur-
faces are considered as ‘‘thin,” with continuity of d¢ /dn
across the surface, in which case the first term on the right-
hand side of Eq. (2) becomes zero and the second term is
replaced by an integral over a single side of the surface with
¢ (Q) replaced by Ad (Q) =p(Q).

The present method uses a recently developed com-
putational scheme!! for the numerical solution of Laplace’s
equation for Neumann, Dirichlet, or mixed boundary-value
problems. A boundary-value problem computationally com-
prises an assemblage of boundary surfaces and their ap-
propriate boundary conditions. A portion of the boundary
surface is termed a “‘network.”” The boundary surface is
discretized into logically independent networks, generally
constructed by consideration of the specific characteristics of
the physical problem to be solved. Each network consists of a
boundary surface oriented arbitrarily in space, composed of
source or doublet distributions and accompanied by a
properly posed set of analysis (Neumann) or design (Dirichlet)
boundary conditions. The computational scheme has been
formulated as an aerodynamic influence coefficient method.
Essential features of the computational scheme are as follows.

1) Geometry input for a network is a matrix of cornerpoint
coordinates, Panel surface shape is obtained by fitting a
paraboloid to corner points in'an immediate neighborhood by
the method of least squares.

2) Discrete values of singularity strength are assigned to cer-
tain standard points on each network. A local distribution of
surface singularity strength is obtained by fitting a linear

source or-quadratic doublet form to these discrete values in an

immediate neighborhood by the method of least squares.

3) Certain standard points on each network are assigned as
control points. These points include panel center points as
well as edge abutment downwash points in the case of doublet
networks. The latter serve to impose standard aerodynamic
edge conditions automatically (for example, the Kutta con-
dition, zero potential jump at thin edges, and continuity of
singularity strength across abutting networks), in order to
produce logical independence for each network. The number
of boundary conditions on each network coincides with the
number of assigned surface singularity parameters.

4) Two expansions of the induced velocity kernel are em-
ployed. The near-field expansion is based upon the assump-
tion of (relatively) small panel curvature; the far-field ex-
pansion is dependent upon a (relatively) large separation
distance between the field point and panel. All resultant in-
tegrals are evaluated in closed form by means of recursion
relations that contain the fundamental logarithm and arc
tangent transcendental terms that appear in flat-panel, con-
stant-strength techniques. ,

Briefly, the following main features of the numerical
representation are employed in the present model. Although
panel curvature is a feature of the general scheme, within the
present model only quadrilateral planar panels are used. They
are defined in the near plane determined by neighboring in-
put corner-point coordinates. The wing and free sheet are
represented by network distributions of doublets that vary as
piecewise continuous quadratic functions in each of two coor-
dinate directions over each panel of the network. The cum-
bersome shedding of wakes, associated with vortex panels,
thus is avoided. An analysis-type network is employed on the
wing (geometry of the wing is specified), and a design-type
network of doublets simulates the free sheet (unknown free-
sheet geometry, zero pressure jump specified). Figures 5 and 6
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display details of the two networks, showing the arrangements
for the free doublet parameters from which the six Taylor’s
series coefficients of the quadratic panel distributions are
determined by least-squares fit. All aerodynamic influence
coefficients (AIC) are integrable in closed form, resulting in
an efficient and reliable AIC computation. Details of the
development of the network formulation and AIC are re-
ported in Ref. 11. Network types used for the wake and fed
sheet are specializations of the design-type network.

Solution Procedure

The boundary-value problem of wings with leading-edge
vortex separation is nonlinear because the shape of the free
vortex sheet, as well as its strength, are unknown. The
solution procedure therefore must be iterative. The basic ap-
proach driving the iteration involves a small perturbation
from an initial guess, which results in a linear formulation for
the updated free-sheet position and strength.

The boundary-value problem can be written symbolically in
terms of the following three equations:

E(pe i1, ) =0 ®3)
F(p,, p,0)=0 C))
G (pep,0) =0 (&)

where those doublet strength parameters defined at certain
edge points of networks are denoted by p,, all remaining
doublet parameters by fi, and the panel geometry by 0, where
represents the angles of inclination of panel edges in trans-
verse cuts defining the spatial location of free sheet and wake
panels. The specific form of these equations is given in Ap-
pendix A. Equation (3) expresses the stream surface boundary
condition (7i-¥*=0) at certain edge points of networks.
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Satisfaction of Eq. (3) is a necessary condition for the
satisfaction of the Kutta condition postulated for wing
leading and trailing edges. Eq. (4) symbolizes the boundary
conditions AC, =0 of free sheet and wake and - V¥ =0 of the
wing. Equation (5) is the stream surface boundary condition
of the free sheet and wake.

Small perturbations of these equations from an initial
“‘starting solution’’ result in a set of linear equations gover-
ning perturbation variables Au,, Aj, and A§. Symbolically,

IE/du.  OE/3j 0 C Aue 0
9F/du,  OF/0p  OF/38 A S =4 -F
3G/op,  8G/3p  3G/a0 A9 e

(6)

where F and G are known and denote the error residual in
satisfaction of the boundary conditions at intermediate steps
of the iteration cycle.

These equations are solved in each cycle of the iteration
procedure to update doublet strength and configuration
geometry. Numerical experimentation revealed that it is most
advantageous to satisfy Eq. (3) (i.e., the Kutta condition)
exactly at every iteration step. It is assumed that the Kutta
condition is not affected by the geometry update, i.e.,
dE/360=0. To avoid overshooting the correct solution, the
step sizes are scaled. Specific details of the iteration scheme
are given in Appendix B.

HI. Verification of Method
Results

A computer program has been developed to verify the
method. The program, which presently is restricted to 125
unknown parameters, is coded for the CDC 6600 computer,
occupies 120,000 octal locations of central memory in an
overlay structure, and uses eight disk files (the program is also
operational on the NASA-Langley CDC 6400 and 6600 com-
puters). Although quotation of execution time is, at best,
" qualijtative because of the many influencing factors, solutions
for delta wings have been executed to convergence in under
300 sec of central processor time.

Nuinerous example cases have been executed to validate the
method and its generality. Cases have been selected with a
view to comparison with available theoretical and ex-
perimental data for a range of different geometric con-
figurations including delta, gothic, and arrow wings. The
capability of the method to predict overall wing coefficients is
shown in Fig. 7 for a delta wing of aspect ratio 1 at low sub-
sonic speed (M, =0). This figure shows the well-known
nonlinear variation of the normal-force coefficient Cp with
angle of attack a. Several values of C, were computed for
angles of attack up to 20° and agree well with experimental
data of Peckham® and theoretical results from the leading-
edge suction analogy of Polhamus.? The corresponding load
distribution at «=20° is plotted in Fig. 8 and compared with
Peckham’s experimental results. Although only 25 wing
panels were used on one-half of the configuration, the com-
pletely three-dimensional nonconical load distribution was
predicted well, including the location of the vortex-induced
pressure peaks and the decrease of the load toward the trailing
edge.

Figures 9-11 show detailed surface pressure distributions
for another delta wing of aspect ratio 1.4559 at «=8.8°, a=
14°, and «=19.1°. Upper and lower surface pressures are
predicted well for the higher angles of attack, as the com-
parison with experimental data!? illustrates. At 8.8°, the dif-
ferences, although unclear, may be due to the blunt trailing
edge of the experimental model'? or to an inadequate
definition for the fed sheet geometry. The experimental
results clearly show the effect of the secondary vortex
separation, which takes place on the upper surface just
slightly cutboard of the main vortex. The present method
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does not model secondary vortex separation and, con-
sequently, produces a slightly different shape for the pressure
peaks.

The method has application to more general con-
figurations. For example, Fig. 12 shows the method applied to
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Fig. 13 Load distribution of arrow wing.

a gothic wing having a swept trailing edge and a curved
leading edge. This figure shows good agreement of the nor-
mal-force coefficient Cy with experiment at the relatively
high angle of attack of 14.3°.

Figure 13 shows the predicted ioad distribution of an arrow
wing. Experimental data are not available for comparison,
but the plotted loads appear to be realistic and demonstrate
that the method is capable of handling other than delta-wing
planforms.

Convergence Characteristics

The progress of the solution is monitored by examination
of the residual errors in the zero pressure jump boundary con-
dition on the free sheet and wake, and the stream surface
boundary condition on the wing [Eq. B9)]. Figure 14 shows
the convergence characteristics for a delta wing of aspect ratio
1 and a gothic wing of aspect ratio 1.60. Each configuration
has 25 wing panels.

The paneling and convergence characteristics for the delta
wing are shown on the left-hand side of Fig. 14, where the
normal-force coefficient Cpy is shown as a function of
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iteration number for two different angles of attack. The
dashed lines indicate the value of C, obtained from the
leading-edge suction analogy. For this case, the aerodynamic
influence coefficients were updated on each cycle of the
iteration. The solution quickly seeks a level after only one or
two iterations and then exhibits some oscillation, which is of-
ten a characteristic of Newton schemes. The paneling and con-
vergence characteristics for the gothic wing are shown on the
right-hand side. For this case, the aerodynamic influence
coefficients (computation of which consumes the largest frac-
tion of computer run time) were updated only after the fifth
and tenth iterations. The difference in convergence charac-
teristics for the two cases is apparent.

IV. Conclusions

The work reported here demonstrates one of the ap-
plications of a new, general, subsonic potential flow com-
putational technique recently developed.!! With the use of
this technique, a three-dimensional method has been for-
mulated and verified for predicting the flowfield about
swept, sharp-edged wings characterized by the presence of
vortex separation at the leading edge. The method has been
successful in overcoming the most difficult aspects of the
problem and provides the basis for development of this initial
capability into a method suitable for supersonic flow and for
complete configuration analysis in subsonic and supersonic
flow. In addition, it has application to related problems in-
volving free vortex sheets which are encountered in the areas
of powered lift, jet interactions, jet flaps, and so forth.

Appendix A: Derivation of Equations

The set of boundary conditions defining the leading-edge
vortex problem was represented symbolically in Egs. (3-5).
The derivation of that set is outlined in this Appendix. First,
consider several fundamental relationships that hold for a
sheet across which a jump in tangential velocity exists (e.g., a
doublet sheet). The average velocity for the sheet V* is given
in terms of the upper surface and lower surface velocities V,
and V,, respectively:

Vs=uWV,+V)) (A1)
The velocity difference across the sheet V7 is given as
Vo=Vv,—V, (A2)

The pressure jump AC, across the sheet in incompressible
flow is

AC,=(2/1Uy12) (V5-¥D) (A3)

where U, is the freestream velocity. :

The jump of tangential velocity across the sheet is created
by a doublet distribution p defined by a set of free doublet
parameters g, such that p=pu(u,). The sheet velocities are



524 J.A. WEBER ET AL.

related directly to p and p, through the local point relation-

ship for ¥? and the global matrix relationship for ¥*:
VP =V u=vulp,) (Ad)
Ve y=141tu,} (AS)

where [A] is the matrix of aerodynamic influence coefficients
relating V* to the doublet parameters p,,.
The boundary conditions are

Wing
A-Vs=0 (A6)
Free Sheet and Wake
A-VS=0 (A7)
AC,=0 (A8)

plus the Kutta condition, where 7 is the normal vector.

Let the boundary conditions be represented symbolically in
terms of the following independent variables: u,, doublet

strength parameters on the edges of all networks at which the
Kutta condition§ is to be satisfied; j, all remaining doublet
strength parameters, and 6, the angles of inclination of panel
edges in transverse cuts defining the spatial location of free
sheet and wake panels. (Wing networks are spatially fixed.)
Equations (A6-A8) are grouped symbolically into the
following set:

E(ue, it 0) = 7i-V¢ =0 Kutta condition (A9)
A-VS =0 wing
F(p,,p,0) = (A10)
Heot AC, =0 free sheet and wake
G(pe,i,0) = a-vs =0 free sheet and wake

(A1l1)

This is a set of nonlinear equations, which is solved by an
iterative solution procedure (Appendix B). Starting with an
assumed initial solution, the variables y,, j, and 8 are updated
during each cycle of the iteration using a perturbation
technique. Consider, for example, Eq. (A9), which can be ex-
panded in a Taylor’s series as

EUty=FEW 4 (QEYD /8u,) A, + (QE D /3p) ARk
+@E® 730) A0 (A12)

where second-order terms of the perturbation variables Ap,,
A, and Af are neglected. The superscript i denotes the ith
iteration cycle. Expanding Eqs. (A10) and (Al1) in a similar
manner and specifying that the boundary conditions are
satisfied exactly at the end of the iteration cycle (i.e., EU+D
=F+D =GU+D =0) results in the following set of linear
equations for the perturbation variables for the ith cycle:

[ 9E/du.  OE/dp  OE/36 Ap, —E
OF/du,  OF/dp  OF/a0 AR b =< —F
80G/op,  8G/ap  dG/30 AB -G

(A13)

§The Kutta condition is not treated as a separate boundary condition,
since by the nature of the free-sheet and wake boundary condition
(AC, =0) it will be satisfied when the solution is achieved. Instead, a
smooth ‘“‘off-flow”’ condition is imposed as a necessary condition (not
sufficient) for the Kutta condition to be satisfied.
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where E, F, and G denote the nonzero values of 7#- VS and
AC, remaining after the previous iteration.

The coefficient matrix containing the partial derivatives
0E/dp., 0E/dp and so forth is known as the Jacobian. For
the calculation of the Jacobian, the following assumptions
were found to be convenient:

1) Changes of the aerodynamic influence coefficients with
respect to changes in geometry are negligible during each cycle
of the interation. Periodic updates are performed after a
specified number of iterations.

2) 0E/00 =0, that is, updating the free sheet geometry by A6
does not affect the smooth ‘‘off-flow”’ condition at wing
edges.

Furthermore, in solving Eq. (Al3) for the perturbation
variables, the Kutta condition was assumed to be satisfied for
each iteration cycle, i.e.,

ED=0

Appendix B: Iteration Scheme

The perturbation quantities in Eq. (6) are denoted sym-
bolically as AX, the coefficient matrix (Jacobian) as J, and the
right-hand side as — f. Equation (6) becomes

JAX=—f (B1)

This equation is solved iteratively with a quasi-Newton
scheme. Represent the i-th iteration by superscript i. The
scheme proceeds to find the corrections AX® from the
equation

JOAXD = —f) (B2)

and forms the new approximate solution (termed the next
iterate)

XU+ = x () 4 §IOHAX D (B3)
where JO =J(X), fFO=f(XD), and 6 is a scaling
parameter to limit the step size of the correction vector. The
Jacobian at X+D is obtained by using the following updata
formula®:

JUHD < JO 4 DO (B4)

where

{fUrD —f gAY DA DT
AXOTAX D

DO = (BS)

In this way, there is no need to re-evaluate the partial
derivatives comprising the elements of the Jacobian at each
iteration. The superscript 7 denotes the transpose of a vector.

Since the aerodynamic influence coefficients form an essen-
tial part of the method, the iterative scheme includes a
procedure of generating new aerodynamic influence coef-
ficients only after every few iterations. This approach helps to
reduce the overall computing costs.

The scaling parameter 6 is introduced to alleviate the
problem of overshoot in the classical Newton scheme. For
each iteration cycle, the following criteria are used to deter-
mine §;

0<8® <1 (B6)
and
SNAX D <~lix O B7)

where v is a predetermined quantity chosen to limit the length
of the correction vector 8QAX ) to a certain fraction of the
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length of the initial vector X (?, and the notation Il I is the
Euclidean norm representing the length of a vector. In ad-
dition, a halving process of the scaling parameter 8 is ap-
plied to insure the inequality

IfEED <@ (B8)

The quality of the solution is monitored by examination of the
residuals defined by :

R= Y {[A(AC )] 2+ [A( Viog) 17) (B9)
k .

where k ranges over all appropriate boundary-condition
points.

To initiate the solution process, an initial geometry is
required. The size of the fed sheet and the initial free sheet
geometry are taken from Smith’s conical flow solutions or, as
experience allows, by assuming an initial geometry.
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